——

/

7.3 Notes: Linear Systems and Row Operations

A\ matrix derived from a system of linear equations (each written in standard form with the constant term on the right) is

called the &“j mga{g d A8 0.“‘7‘ | X of the system. In addition, the matrix derived from the coefficients

of the system (but not including the constant terms) is called the Co C(RUULY\/{_ m OdYs A

x Y z : C
x—4y+3z=5 ev[1 -4 3 3 5
System: [—x +3y—z=-3 Augmented MaIer: -1 3 -1 j —3}
— ¢
2x —4z=6 €2 2 0 -4 | 6
e —— C i
ax -4z = 6 y |
1
1 -4 37 [ % S |
Coefficient Matrix: \—1 3 —1]0 Y 2173 |
2 0 —4 z 6 |

MamRix EGNE> Coeff. M @ variable M = Constant M

Example 1: Write the gqgmﬂed matrix for the system of linear equations. X \j 2 v G

x+3y—-3w=9 E\ rﬁ‘] 3 O -3 Ci
e Olo w22
 2x+4y—-3z=4 3 l 5 -5 —( O }
gH L—a\ L’ - 3 O L{ i

What is the order of the augmented matrix? L/ 7( 5

-EIementarv Row Operations \
Qpcration Notation
1. Interchange two rows. R,&R,
2. Multiply a row by a nonzero constanl. cR, (c#0)
3. Add a multiple of a row to another row, R, + R,
_'\\

]
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Example 2: Perform the following row operations on the given matrix.

“lote the elementary row operation beside the row that is changed.

a. Interchange the first and second rows of the original matrix.

Original Matrix

0 1 3 4
-1 2 0 3

2 -3 41

New Row-Equivalent Matix
1 0 3
;3 4
Q2 -3 44 |

— |

K\H)QZ

A

b. Multiply the first row of the original matrix by -;—

Original Matrix

1 3 -3 0

[2—46—2
5 -2 1 2

|

New Row-Equivalent Matrix
- 3 -
3 3 ©
-2 AR

Y

\
|
>

L~

c. Add -2 times the first row of the original matrix to the third row.

Original Matrix

—_—

New Row-Equivalent Matrix
/[ R Y3
o 3 —a

Kg:—a’)f?l*& L_O -3 13 -9

—_—

Example 3: Identify the elementary row operation being performed to obtain the new row-equivalent matrix.

Original Matrix

1
3
2

0 2
1 7]

-6 14

New Row-Equivalent Matrix

C:g__lg_lij) Ry = ’5[] ¥ Qz

Exam
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example”@: Solve thq linear system using its associated augmented matrix and the following row operations. {
C ystem Associated Augmented Matrix |

X C
x—2y+3z=9 e\ 1 -2 3 ¢ 9
—x+3y=—4 E.}_[-l 3 0 : —4]
2 — — - — H
x—=5y+5z=17 O\D £3 2 5 5 ¢ 17

Add the first equaq\i—i)n to the second equation

. O
R 3 - Q IQ, ia Rj
Add the second equatiorfs to the third equation

————

Rz Ry + KS

Multiply the third equation by% .
x-3dy+3z=9 /
Y 7L-=5 2= 5 o

1
A )Qﬁ e

At this point, you can use back-substitution to find x and y.

d+3(a)=5
Yyt = 5

Soly (x,4,2)
T2 |

5 17
’ ‘"b 19
3 9
[ 3 5
e B s |
-9 3 c}ﬁ
( 3 S
o A %_)
I
_A 3 ) ?j |

0 H;U

 -2(-1) +3(a) =4
X+ T >Q
w+8§=9
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i i Tor M . The term echelon
The last matrix in Example 4issaid tobein_ ') €. h @‘ 0N ‘FD

fers to the stair-step pattern formed by the nonzero entries of the matrix.

’?ow-Echelon Form and Reduced Row-Echelon Form

A matrix in row-echelon form has the following properties. ( R E{: )

1. Any rows consisting entirely of zeros occur at the bottom of the matrix.

2. For each row that does not consist entirely of zeros, the first nonzero entry is 1 (called a leading 1).

3. For two successive (nonzero) rows, the leading 1 in the higher row is farther to the left than the
leading 1 in the lower row.

A matrix in row-echelon form is in reduced row-echelon form when eve

ry column that has a leading 1 has
zeros in every position above and below its leading 1.

(RREF)

Note - Row-echelon form of a matrix is not unique while reduced row-echelon form of a matrix is unique.

Example 5: Determine whether each matrix is in row-
reduced row-echelon form.

SRR G <= = T

e f NO

echelon form. If it is, determine whether the matrix is in

.oy S p\QQ fes . 1oz /ﬂe-@ Yes
R TR I = ] RV

C fT g RENO kg gl Y

0 1 -3 0

feef No vl M \/@
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y+z—2w=-3 . = \3 Z o C.,.‘
cxample 6: Solve the system {Zx +x4—; iyz zswz_ 2 b I O | L =9 =3
x—4y—-7z—w=-19
Steps: 62 ( ; - ‘ © ’;
Write the syste'rn in an Augmented Maﬁ 63 \4?; b‘ l ’3 '—A \ |
Use a graphing calculator (MATRIX) to find RREF _ - - _') q |
MATRIX EDIT Yx 5 e — “o ! x="l l
enter elemend’ L 0 o 0 - |
GuitT O | o O 2|t
MATRIX (ond G1) MATH R REF o O | O | Z:‘j
meteix [A) k) peer (D) | O 0 o LA
e [Cog030s
x—y+2z=4
x+z=6

Example 7: Solve the system

2x—3y+5z=4

|

r ’X :j 7 qC 3x+2y—z=1 | 0 o )O X0
= 2 - SEERY,
| 0 I G peek (E“D’ P D ) ,
’5 < l/‘ ) O ( ‘ % = 0
S a1 L0 o [@
NO Go . P
Example 8: Solve the system [ x_;2+)’3‘;3: ~=49 /]
S C  2x-5y+5z=17
l /’l -2 3 CT/ y m 0 o )
, |- 2 © =W . o ( o
3 . Y s |7J Qﬂ&([ﬁ}) H 0 | }-/
i -

((r)—l)

5 )J
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Example 9: A system with an Infinite number of solutions

2x+4y—-2z=0
{ 3x+5y=1 X \j

o) 4 - R O ! O

3 5 0 \
’go\_)‘"*\“ X+ 52

Solve the system

N

B = J =32 =
a-5z ~\xdz ,%7:'_—f> Sefve %, 1~ YermS o 2

Solving Systems Using Inverse Matrices

A System of Equations with a Unique Solution

If A is an invertible matrix, then the system of linear equations represented by AX = B has a unique solution given by

X =A"'B.
Example 10: Use an inverse matrix to solve the system Write a Matrix Equation first:
x + y + z =10,000 Pl ' | b (O QO
a) 0.06x + 0.075y + 0.095z =730 L _ - .
[ x . 2z =0 0.0 0.075 o0.045]° \j 7%0

o E | Z 0
B I T L N

5 - {ooo | B
3= A ° B YTelele;
/Z,_ 2000 |

b) You invest $15,000 in AAA-rated bonds. AA-rated bonds, and B-rated bonds and want an annual return of
$720 $&X40. The average yields are 3.5% on AAA bonds, 5% on AA bonds, and 6% on B bonds. You invest twice as
" much in AAA bonds as in AA bonds. Your investment can be represented as

i~ Qo0 { x + y + z =15,000
0.035x + 0.05y + 0.06z =720

Where X,yandz represent the amounts invested the amounts invested in AAA, AA, and B bonds, respectively. How

much have you invested in each bond? Use an inverse matrix to solve the system.
-

A "B ﬁ)/)f/)‘ f’P(Q@OO

¥ _ { %000
GV %
T

[ $ oo
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